Abstract We propose a new asset price model in continuous time where correlations and volatilities are functions of the current state of the market. The state of the market is based on a window of past asset realisations, the length of this window being a measure for the memory of the market. The approach is motivated by empirical findings from regression analyses in discrete time. A maximum likelihood approach is developed to estimate the parameters of the model from discrete asset realisations. We find strong empirical evidence that correlations increase in bear markets and for the existence of financial contagion in international markets. We analyse the severity of financial contagion dependent on market conditions. We explore consequences of market-state dependent volatilities and correlation in financial risk management and option pricing theory. We investigate the variance as a measure of portfolio risk and compare the variance from a model with constant correlation with the variance of a model with state dependent correlation. We propose a measure for losses in diversification due to a potential correlation breakdown.
Introduction
Practitioners and academics agree that dependencies between assets are non-constant, the most important example being that correlations are increased in bear markets.
Why is it important to incorporate this effect into asset modelling? Correlations determine the optimal allocation of a portfolio and the efficiency of diversification. For a recent discussion see, for example, You and Daigler [2010] . On the portfolio level the quantification of market risks like value-at-risk is heavily dependent on the correlations in the portfolio. It is not clear how reliable risk measures are that are
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based on models with constant correlations. Incorporating state-dependent correlations yields a completely different joint dynamics of assets, which impacts all kinds of measures for portfolio risks and the optimal allocation of assets. Stress tests and sensitivity analyses in models with constant correlations are therefore inadequate to assess the implications of modelling assumptions. Market-state dependent correlation is one of the widely accepted definitions of financial contagion between economies, see for instance World Bank Group [2009] . In multi-asset option pricing the question is how stable hedges are if they are based on models with constant, that is misspecified, asset correlations.
How can we model non-constant asset correlations? We introduce a new approach to the random dynamics of asset dependencies. We propose a model where asset correlations are non-constant but dynamically depend on the current state of the market. This dependence is justified empirically. The state of the market is based on a window of past asset realisations, the length of this window being a measure for the memory of the market. Concerning dependencies between international financial markets, we find strong empirical evidence for the existence of financial contagion. Furthermore, we estimate the functional dependency of correlations and volatilities on the market state. These results show to what extent correlations and volatilities exceed their empirically estimated averages.
Based on our model we finally analyze portfolio diversification and risk measured by variance. How does the portfolio variance based on state-dependent correlation differ from the variance based on static correlations? Concerning the efficiency of diversification, we determine upper bounds for potential diversification losses. Furthermore, we investigate the effect of state-dependent correlations on the pricing and hedging of multi-asset options.
How is our approach related to existing approaches to model asset dependencies? Our model dynamics is in continuous time and described by a stochastic differential equation where the correlation depends on a window of past realisations. So far approaches to model asset dynamics in continuous-time with coefficients that depend on past realisations are restricted to using past-dependent volatilities, with the aim to explain volatility smiles in option markets, see Hobson and Rogers [1998] , Arriojas et al. [2007] and Kazmerchuk et al. [2007] . We extend these approaches in such a way that both, asset correlations and volatilities, depend on past realisations, that is, the state of the market. In our empirical analysis we find strong evidence that support our view that correlations and volatilities depend on the market state, in particular correlations increase in bear markets. The literature does not seem to provide conclusive empirical justification for the way correlations are usually specified in continuous time models: asset correlation is either assumed constant or it is modelled as a process with its own dynamics. See Escobar et al. [2009] for the case of two assets, and Gourieroux and Sufana [2003] and Buraschi et al. [2010, forthcoming] for higher dimensions using Wishart processes.
In our model asset dependencies are described by the instantaneous correlation of the Brownian motions driving the stochastic differential equation. This correlation turns out to be a proxy for the correlation between daily log-returns given the current state of the market. Therefore our approach to model asset dependencies is in some sense related to the popular concept of truncated resp. exceedance correlation 1 , see for example Forbes and Rigobon [2002] , Ang and Chen [2002] and Longin and Solnik [2001] . However, we provide two important improvements. Firstly, when interpreting truncated resp. exceedance correlations one tacitly assumes that large positive returns occur precisely in bull markets, which is not true, since bear markets are accompanied by large movements in both directions. Our approach yields what is actually intended: a way to describe asset dependencies with respect to the market state in general. Secondly, our estimator and hence the interpretation of our estimation results does not suffer from the conditioning bias for exceedance and truncated correlations, see for example Campbell et al. [2008] and Boyer et al. [1997] . Avoiding this conditioning bias is important; based on this problem Campbell et al. [2008] and Forbes and Rigobon [2002] question whether correlations between asset returns are increased at all in bear markets.
We propose to compute the market state based on past asset realisations and interpret the length of the time window of used asset realisations as a measure for the memory of the market. The optimal length is estimated from the data.
Since we compute the market state on a continuous scale and consider all market situations, our approach yields a more complete picture of correlation behaviour than most other approaches. Those are either based on models with regime-shifts, see for instance Ang and Bekaert [2002] , or focus explicitly on the tail behaviour of a given model, see for instance Longin and Solnik [2001] , or approaches that model asymmetric behaviour of correlations by assuming that correlations increase if a certain quantity, or for example the current return, is below a certain threshold, see for example Cappiello et al. [2006] . The latter approach is closely related to explicitly investigating correlation behaviour in different market environments, that is, in normal versus bear markets. The problem with this approach is that it involves subjective definition of market environments.For example, Eichengreen et al. [1995] introduce an index of speculative pressure and define a crisis as a time where this index exceeds a certain threshold. Our approach avoids such definitions because correlations and volatilities are assumed to be functions of the current market state.
The paper is organized as follows. We introduce our model in its most general form in Section 2. We motivate our approach by regression analyses in discrete time in Section 3. The continuous-time model is then analyzed in Section 4, proposing an estimator for our model in Section 4.1 and presenting the empirical results in Section 4.2. In Section 5 we investigate the problem of pricing and hedging a multi-asset option. What are the consequences if a model does not reflect the true behaviour of correlations and volatilities? In Section 6 we use similar ideas to investigate the reliability of a simple measure for portfolio risk, the portfolio variance, with respect to misspecified volatilities and correlation. In Section 7 we present strong empiri-cal evidence for the existence of contagion between international financial markets. Furthermore we find evidence for when contagion effects occur and how severe they are. In Section 8 we present a measure for losses in diversification that are due to a potential correlation breakdown.
2 An asset price model with state-dependent correlation in continuous time
We introduce the setting for a two asset price model in continuous time. Our assumption is that asset volatilities and asset correlation depend on the current state of the market, which is determined by past and current asset price realizations. This dependency of the asset dynamics on past asset realisations leads us to consider stochastic differential equations with time delay, so called stochastic delay differential equations (SDDEs), see Mao [2007] or Mohammed [1984] . In every point in time t volatilities and correlation in our model are determined by states in the past interval [t − r,t] for some fixed length of the memory window r ≥ 0.
We work on a probability space (Ω , F , P) equipped with a filtration F = (F t ) t≥0 satisfying the usual conditions. The filtration is rich enough to carry at least two independent Wiener processes. Before we state the dynamics of asset prices S = (S 1 , S 2 ) we introduce the concept of the segment process.
Definition 1 Let S = (S(t)) t∈[−r,∞] be a continuous R 2 -valued stochastic process. For every t ≥ 0 we define the [t − r,t]-segment of the process S by
that is, S t is a mapping taking values in the space C [−r, 0], R 2 of continuous func-
The instantaneous correlation admits a convenient interpretation as the correlation between daily log-returns of assets S 1 and S 2 given the market state F(S t ), that is
The following Lemma makes this notion more precise.
Lemma 1 Let the functions
be both uniformly Lipschitz-continuous. For t ≥ 0 and a sequence (∆ n ) n∈N with
it holds P-a.s. that
Proof Follows...
3 Correlation analyses for discrete time approximations -How to model the market state function F, the correlation ρ and the volatilites σ i ?
In this section we propose a function F that describes the state of the market, and motivate parameterisations to model the dependency of correlation and volatilities on this function. A natural description for the state of the market at time t is the realized drift of the process S over the past interval [t −r,t]. We use an estimator for the average asset drift, which is based on discrete market observations (S(t), S(t − ∆t), . . . , S(t − n F ∆t)) with step size ∆t. The quantity n F is a measure for the memory of the market, that is, the segment process (S t ) t under consideration has time delay r = n F ∆t.
We propose the market state function
with
In case of constant volatilities σ i ≡ σ i (θ , F(S t )) the proposed function F is an unbiased estimator for the average drift 1 2 (µ 1 (θ ) + µ 2 (θ )). In Section 4 we discuss other modelling approaches for F.
One would expect that we can model increasing correlations in bear markets via the following ansatz for instantaneous correlation function,
with θ 2 < 0. The function
is chosen arbitrarily to restrict the values for ρ (θ , F(S t )) to the interval (−1, 1). A more advanced functional form with
with θ 2 < 0. The latter approach is motivated by Ang and Chen [2002] who argue that correlations behave differently in bull and bear markets.
Can we justify the correlation setup (13) and (14) for real market data? We first estimate the correlation ρ(θ , F(S t )), then we consider (13) and (14) as generalised linear models to determine the parameters θ 1 , θ 2 , and θ 3 .
The instantaneous correlation ρ(θ , F(S t )) is estimated by the quotient of the realised covariation and the square root of the product of realised quadratic variations of the processes log(S i (t)). That is, for sample data s i (t),
We use the past n ρ asset returns to estimate the correlation ρ(θ , F(S t )), which generally differs from the number n F of past asset returns to determine the state of the market F(S t ) 2 .
To show that (15) is a natural estimator for the instantaneous correlation in the model (1)-(4) we define the stepsize ∆t = r n ρ and consider the limit for n ρ → ∞, that is In case of constant volatilities we obtain
which justifies the choice of estimator (15). The asymptotic properties of this estimator are analysed in Barndorff-Nielsen and Shephard [2004] for a slightly different model setting.
We estimate the models (13) and (14) for various asset pairs from the German stock index DAX and find the explanatory power very poor 3 . For the example Deutsche Bank-Commerzbank Figure 1 shows the plot 4 of the transformed realisations for the correlation estimates tan π 2ρ (s(t), . . . , s(t − n ρ ∆t)) versus the market states F(S t ), and the regression lines for (13) and (14). We used n ρ = 20 and n F = 40. Values for n ρ higher than n ρ = 20 do not seem to qualitatively change the result, whereas for smaller values of n ρ the variance of estimatorρ seems to become too large. Different choices for n F yield qualitatively different plots. We discuss this issue in the continuous time setup in Section 4, where we estimate the optimal n F from market data. The plot in Figure 1 suggests that the relationship between correlations and the market state is weak. This impression is supported by the adjusted R 2 of the regression estimates, which is typically about or less than 1%. Still, the estimated sign for θ 2 in (13) and (14) tions of the standard least-squares estimator are not fulfilled: subsequent observations (F(S t ),ρ t ) t and (F(S t+∆t ),ρ t+∆t ) t are computed from overlapping sequences s(t), . . . , s(t − (n F ∨ n ρ )∆t) and s(t + ∆t), . . . , s(t + ∆t − (n F ∨ n ρ )∆t) , therefore they are not independent. Hence we apply an estimator by Yohai [1987] 5 that corrects for heteroscedasticity and autocorrelation. The estimated sign of θ 2 remains negative, but θ 2 is statistically not significant.
We conclude that a generalized linear model seems to be inappropriate to describe the functional relationship between market state F(S t ) and asset correlation ρ. To relax the assumption of one linear model we classify the data into bull, bear and normal market states and estimate individual models (13) for each of them. To distinguish between bullish, bearish and normal states we propose the following rule 6 : at time t the market is in a bearish, respectively, bullish state if for all
The parameters b and a bear , respectively a bull , are chosen such that the estimates of the parameters (θ 1 , θ 2 ) in the bearish, respectively bullish, state are statistically significant and exhibit the expected sign. To obtain reliable statistical tests we use again the estimator by Yohai [1987] .
For the pair Deutsche Bank-Commerzbank with time period 1990 − 2008 we obtain a bear = −0.4, a bull = 0.6, b = 40 days. For the memory of the market n F we subjectively choose 40 business days. In Table 1 we list the estimated coefficients θ 1 , θ 2 for bear and bull states. The regression lines are plotted in Figure 2 . The estimates in Table 1 provides some evidence that correlations increase in bear states because θ 2 has a negative sign and is significant on a 1%-level. For bull states θ 2 is not significant.
We conclude that a linear regression approach is able to identify the effect of increased correlations in bear markets, but its estimates are potentially biased in the same way like truncated and exceedance correlations, see Section 1.However, the above approach is not valid to motivate parameterisations for asset correlation and volatilities in the continuous time model (1) - (4), because classifying the data and switching between different parameterisations violates the required Lipschitzcontinuity of ρ(θ , ·) and σ i (θ , ·) in Proposition 1.
Therefore we continue our analysis in discrete time to motivate a Lipschitzcontinuous functional form for ρ and σ i .
As an alternative attempt we consider a plot of the estimated correlationsρ(s(t), . . . , s(t − n ρ ∆t)) versus the market states F(S t ), see Figure 3 . To determine the relationship between correlations of asset returns and the market state we apply non-parametric regression estimators, that is, a local polynomial estimator 7 and the Nadaraya-Watson estimator 8 . We consider various equity pairs from the DAX and find three typical patterns for the functional form of ρ. In Figure 4a we observe increased correlations in bear and to a lesser extend in bull markets, in Figure 4b we observe increased correlation in bear markets and roughly constant correlations in normal and bull markets, and in Figure 4c we observe linear dependency of correlations on the market state with a mild negative slope. The functional form strongly depends on the length n F of the time window to compute the market state. This effect is particularly important for the correlation behaviour in bull markets. The example in Figure 5 suggests that volatility in a bull market, measured on a long time horizon, is smaller than volatility in a bull market, measured on a short time horizon. We discuss the optimal choice of n F in Section 4. The estimation results in Figure 4 indicate that the relationship between asset correlations and the market state is highly nonlinear. Therefore estimates from nonparametric regressions yield a better guideline for the functional form of the instantaneous correlation ρ(θ , ·) on the market state than estimates from linear regressions. To achieve the necessary flexibility of the functional form in the continuous time model (1) - (4) we propose the parameterisation
The function
..,n ρ , with n ρ ∈ N and (ξ i ) i being equidistant discretisation points. We choose these points such that they, for given asset realisations A related ansatz with comparable flexibility is to assume that h is a polynomial with unknown coefficients, but then the estimation results for these coefficients are difficult to interpret because the monomials influence one another.Therefore we prefer ansatz (16). Next, we investigate the behaviour of asset volatilities. For realisations
of one asset we plot the estimated volatility
against the market state of the asset, which we estimate via
The results are qualitatively similar for all inspected assets, see Figure 6 for a representative example. Like for the correlation function ρ(θ , ·) we propose the parameterisation
with the function h (ξ ,θ ) being a cubic spline through (ξ i , θ i ) i=1,...,n ρ , with n σ ∈ N equidistant discretisation points. ξ i . The market state can also be based on realisations of the asset index DAX instead of two assets. This approach yields a more stable relationship between the market state and the estimated instantaneous correlation (15), see Figure 7 for an example. However, in our continuous time model we can only use a market state based on realisations of the index if we include all assets that constitute this index. But how can we parameterize the instantaneous correlation matrix for more than two assets? This question is still unresolved in the literature, see for instance Ding and Engle [2001] and Rebonato and Jackel [1999] . Hence we leave this issue to future research.
Finally, apart from motivating parameterisations, a plot like in Figure 3 is useful to find stylized facts about the behaviour of asset correlations in different market states. We generalize this plot by applying a two-dimensional kernel density estimator 9 to a whole collection of estimated (F(S t ),ρ t ) that we compute for all pairs out of BASF, Bayer, Deutsche Bank, Commerzbank, Allianz, BMW, EON, Beiersdorf, Linde, Muenchner Rueck, RWE, Siemens, Thyssen, VW. The market state is based on a time window of n F = 40 days, and uses realisations of the DAX index. The instantaneous correlation is estimated on a time window of n ρ = 20 days. Figure 8a reveals the following properties of correlation behaviour: in bear markets correlations are higher than the median, but contrary to the intuition suggested by the statement 'increased correlation in bear markets' they are not higher but in fact even smaller than the highest correlations in normal markets. Under normal market conditions (a) Kernel density estimator applied to a collection of estimates (F(S t ), ρ t ). The yellow line is the median over all correlations. correlations assume values in (−0.6, 1) and exhibit no identifiable pattern. It is surprising that correlations can also be high in normal markets, which is important for applications in risk management. The variance is slightly reduced in bull markets and much reduced in bear markets. Generally the more extreme the market condition is, the smaller is the variance of correlations. Bull market correlations seem to be distributed symmetrically about the median. We give a schematic representation of these findings in Figure 8b .
Empirical analysis of the continuous time model

Estimation method
We estimate the true θ * ∈ Θ in the continuous time model (1)-(4) from discrete time market observations. For data we use daily observations of the DAX index and its constituents from 01. 01.1973 to 23.09.2008 . We denote the realisations
and assume that they are equidistant in time, i.e. t i+1 − t i = ∆t > 0 for all i. So far there are no works that deal with the practical implementation of statistical methods for Stochastic Delay Differential Equations. A first approach that is based on discrete observations is introduced in Küchler and Sørensen [2009a] and Küchler and Sørensen [2009b] . They consider the case of a SDDE with affine drift, and even under this strong restriction proofs turns out to be very difficult. It is not obvious how their results can be generalized to our case. 10 We propose an heuristically motivated approximate maximum likelihood estimator that behaves well in simulation experiments. However a proof of its properties is beyond the scope of this paper and we have to leave this to future research. Our estimator is based on realisations of the process
because the proof of Proposition 1 shows that under appropriate conditions the system
possesses a unique strong solution. Therefore we introduce
We propose the maximum-likelihood estimator
with p i the generally unknown transition densities
In Section 4.2.2 we check a version for the market state F that depends only on current but not on past price realisations, i.e. F(S t ) = F (S(t)). In this case the model (1)-(4) is a multivariate diffusion. For diffusions there are many estimation methods known in the literature, see Cai and Hong [2009] for a review. We try an approach presented in Ait-Sahalia [2002, 2008] , who approximates the transition densities via Taylor expansions. Unfortunately even for constant volatilities and simple dependencies of F on current prices like
the expressions for the Taylor coefficients become too big: we use the software Mathematica on a personal computer with 3 GB RAM, and at least the way we implement the method Mathematica runs out of memory. For Stochastic Delay Differential Equations as general as (1)- (4) there is no method known in the literature that approximates the score function in (18) such that the resulting estimator is consistent and possesses a known asymptotic distribution. Therefore we propose an heuristically motivated approximation. We use a generalisation of the explicit Euler scheme presented in Küchler and Platen [2000] to motivate a naive approximationp i for the transition density 19. This approach is well-known for estimating the parameters of a diffusion process from discrete-time observations, see Florens-Zmirou [1989] . To lighten notation we introduce
and definep i as the density of a two-dimensional normal distribution with mean
and covariance matrix ∆tσσ T , with
.
We obtain the approximate maximum likelihood estimator
and solve the optimization problem (20) numerically. We test several methods that are implemented in R, for instance Simulated Annealing to find a good candidate, NelderMead, Newton-BFGS. We also implemented the program in C++ using optimization methods from Press et al. [2002] . For large time steps ∆t the Euler-scheme yields a poor approximation quality, hence the approximate maximum likelihood estimator (20) can be severeley biased. To test (20) we choose complicated functions for the dependence of the instantaneous correlation and volatilities on the marke state F(S t ). With Monte Carlo we generate a path with daily observations over 20 years. Then we try to re-estimate these complicated functions with our parameterisation ansatz (16). The estimation results are encouraging. For ∆t = 1 day and daily observations over 20 years the mean square error seems to be very small, see Appendix A for details.
Still, to keep the bias as small as possible we experiment with bias reduction methods. We test the indirect inference method by Gourieroux et al. [1993] with (20) as auxiliary function. Applied to asset realisations on the interval 1990 − 2008 the indirect inference estimator yields only minor corrections. Because of its slow converge we refrain from using it. A related method is the efficient method of moments by Gallant and Tauchen [1996] . For the auxiliary function (20) the asymptotic properties of both methods coincide, see for instance Sorensen [2004] . Therefore we do not test the latter method.
Estimation results
Before we can estimate the model we have to answer some critical questions: What description of the state of the market is most appropriate? How do we choose the memory of the market n F ?
For modelling the state of the market we have introduced one possibility in equation (12). In Section 4.2.2 we propose other versions for function F and compare them via the attained maxima of the likelihood function. We find that, among the versions for the market state F we propose, the optimal one is (12) with n F = 50 days. We anticipate these results in Section 4.2.1 where we apply our estimator to various asset pairs from the DAX, and present the typical estimates that we obtain.
Less critical seems to be the precise number of discretisation points for the splines describing the dependency of volatilities and correlation on the state of the market: too many discretisation points may yield oscillations in the estimated functional form due to higher variance in the individual parameter estimates, but the qualitative results should remain stable.
Dependency structures of volatilities and correlation on the market state in 1990 − 2008
We use ansatz (12) with n F = 50 for the market state F and ansatz (16) for ρ(θ , ·) and σ i (θ , ·). We postpone the proof that this version for F fulfills the requirements of Proposition 1 to Lemma 2 in Section 4.2.2, where we propose and investigate further possibilities to model F. We estimate model (1)-(4) for various equity pairs and find typical patterns for volatilities and correlation. We can confirm two, possibly all three, patterns from Figure 4 and provide examples for each of them in Figure 9 . All patterns exhibit increased correlation in bear markets. The first pattern in Figures  9a and 9b exhibits increased correlation also in bull markets. The second pattern in Figure 9c exhibits constant correlation in normal and bull markets, whereas Figure  9d shows that it is also possible that correlation further decreases. The third pattern in Figures 9e and 9f exhibits a roughly linear relationship between the correlation and the market state with a negative slope that is close to zero. Contrary to the correlation function ρ(θ , ·) the qualitative shape of volatilities σ i (θ , ·) seems to be stable across different asset pairs. Volatilities increase both in bear and in bull markets, with the increase being much stronger in bear markets.
In other words we have empirically shown that correlations between asset returns do increase in bear markets. The method we use circumvents the difficulties explained in Campbell et al. [2008] . Furthermore we have identified typical patterns for the relationship between correlations respectively volatilities and the state of the market. The estimation results help to explain the different findings in Longin and Solnik [1995] and Longin and Solnik [2001] : For asset pairs following the first pattern in Figure 9a volatility and asset correlation is highly correlated both in bull and in bear markets, which supports the results in Longin and Solnik [1995] . However, for pairs that follow the pattern in Figure 9c volatility and asset correlation move in line only in bear markets, and for pairs that follow the pattern in Figure 9e asset correlation is almost uncorrelated from volatility both in bear and in bull markets. On the other hand the state of the market seems to be a determinant of asset correlation at least in two of the three patterns, which supports findings in Longin and Solnik [2001] .
Comparison of alternative models for the market state F
In Section 4.2.1 we used (12) to model the market state F, with n F = 50 for the memory of the market. To justify our choice for n F we estimate the model for n F ∈ {2, . . . , 250} and choose the value for n F that yields the largest maximum for the approximate likelihood function (20). In other words if the approximate densityp i also depends on the memory of the market n F we have
log p i (log s t i |∆t, log s t i−1 , . . . , log s t i−n F , n F , θ ) .
(21) Simulation studies to test the reliability of (21) yield good results, see Section A.
We consider several asset pairs from the DAX and find that the estimates for the optimal memory of the market vary between 20 and more than 250 business days, depending on the asset pair and the time horizon. Sometimes there are two or more candidates which seem to be almost equally good. As a reasonable compromise for all asset pairs we choose n F = 50 business days. see Figure 10 for the estimation results.
Another question is whether there are more appropriate definitions for the function F to quantify the market state. We try
with ∆t = 1 day. Lemma 2 shows that F 1 and F 2 fulfill the requirements of Proposition 1.
Lemma 2 The functions
with F defined in (12), are locally Lipschitz continuous.
Proof Consider for example F 2 . For x = (x 1 , x 2 ) ∈ C [−r, 0], R 2 we obtain
Now the assertion follows with the continuous differentiability and hence local Lipschitzcontinuity of
For F as defined in (12) we need in addition the continuous differentiability of We consider the pair Deutsche Bank-Commerzbank over the period 1990 − 2008 and estimate θ * for six different models: to determine the market state we try (12) with n F = 50, F 1 and F 2 . For the instantaneous correlation we always use the parameterisation in 16 with five discretisation points. For the volatilities we try two versions, one is the parameterisation in 16 with four discretisation points, the other one is to use constant volatilities. .The results are plotted in Figure 14 in the Appendix.
We find that the parameterisation of volatilities has a crucial impact on the estimated functional form of ρ(θ , ·). We conjecture that if our model does not take into account the fat tails empirically found in asset return distributions, that is if we use constant volatilities, then from the model's perspective the empirical data exhibit too many large shocks which dominates the behaviour of correlations.
Our subjective impression is that the ansatz with non-constant volatilities and instantaneous correlations depending on market state (12) with n F = 50 days is suited best to describe the asset dynamics. This is also the version that yields the largest maximum for the likelihood function, which we interpret as a justification of our impression. The results are in Table 2 . The market state F 2 , which is based on the current return of assets S 1 and S 2 , yields qualitatively similar results like the market state in (12). For F 1 the estimated correlation function still reflects the effect of increased correlations in bear markets, but the estimated state-dependent volatilities shade doubt whether F 1 is appropriate. However, F 1 is useful because it provides us with a more analytically tractable model that is based on a Markovian dynamics and that still captures the correlation behaviour in bear markets.
How reliable are option prices and hedges under models with misspecified volatilities and correlation?
How reliable are option prices and option hedges if we compute them under a model that does not capture the true volatility and instantaneous correlation dynamics identified in Section 4.2? We state sufficient conditions on volatilities and correlations that guarantee that the price of an option computed under a misspecified model overestimates the true price, and that the hedge computed under a misspecified model is a superhedge under the true asset dynamics.
Let us consider an option on n assets S 1 , . . . , S n with nonnegative payoff
and maturity T > 0. Let S = (S 1 , . . . , S n ) be a stochastic process on a measurable space (Ω , F ) equipped with a filtration (F t ) t that is generated by S 1 , . . . , S n , that is
We assume a bond B with risk-free interest rate r ≥ 0 and dynamics
We investigate two models for the risk-neutral dynamics of S = (S 1 , . . . , S n ), which are represented by two probability measures. Under the measure Q true the assets follow their true dynamics, under a measure Q false the assets follow some misspecified dynamics. For the misspecified dynamics under the measure Q false we assume a Markovian model
with the processes W 1,false , . . . ,W n,false being Wiener processes under Q false . For the true dynamics under the measure Q true we assume
with Q true -Wiener processes W 1,true , . . . ,W n,true . We assume that both systems of equations (23)- (24) and (25) - (26) possess a solution that is unique in distribution. This implies the completeness of both models. We assume that the payoff is integrable with respect to both measures, that is
Therefore in both models the price of option (22) can be represented as the expected discounted payoff under the respective measure. For future reference we denote the option price at time t ∈ [0, T ] under the model with the false dynamics as
We consider two questions: First, what is the relationship between the option price at time t = 0, which is computed under the model with the false asset dynamics,
and the true option price
For the second question we note that in the model with the false asset dynamics there exist trading strategies ∆ i in the assets S i and a trading strategy in the bond B that replicates the option payoff h(S(T )) Q false -almost surely. The hedge quantities ∆ i are given by
To lighten notation we write
and
Suppose under the true model we follow the hedge quantities ∆ i as provided from the false model. We extend this strategy to a self-financing strategy (β , ∆ 1 , . . . , ∆ n ) in the assets (B, S 1 , . . . , S n ) under the measure Q true by defining
The value process of this strategy is
with dynamics
To what extend does this strategy provide a hedge for the payoff h(S(T )) under the true measure? To answer these questions we adapt techniques presented in El Karoui et al. [1998] . For notational simplicity we write
Proposition 2 If for λ 1 ⊗ Q true -almost all (t, ω) and all i, j = 1, . . . , n with i = j the quantities
are all nonnegative (resp. nonpositive), then the price under the false model overestimates (resp. underestimates) the price under the true model, that is
Furthermore the value process Π ∆ constructed with the strategy (β , ∆ 1 , . . . , ∆ n ) from equations (28) and (29) yields a super-hedge (resp. sub-hedge) under the true asset dynamics, that is
Proof In the proof we restrict ourselves to the case that the quantities (32) and (33) are nonnegative. The proof for the other case is analogous. We define the quantity
which is the difference between the value of the proposed hedge under Q true and the theoretical price from the model with Q false -dynamics. For t = 0 the construction of Π ∆ (t) yields E (0, S(0)) = 0. Observe that by definition V (T, S(T )) = h(S(T )), and we are finally interested in the hedge mismatch E (T, S(T )) = Π ∆ (T ) − h(S(T )) under Q true . We show that the discounted difference
is Q true -almost surely monotonically increasing if conditions (32) and (33) hold. The rest of the proof will then be a straightforward consequence of this monotonicity. The Feynman-Kac theorem yields that V satisfies
We apply Ito's formula to obtain the dynamics of the process (V (t, S(t))) t under Q true .
We plug in (35) and obtain dV (t, S(t)) = rV (t, S(t)) dt
We consider the Q true -dynamics of the difference E (t, S(t)). Using (30) and (28) we obtain
This is a linear stochastic differential equation for (E (t, S(t))), which yields the closed-form solution
Since (32) and (33) are nonnegative
is monotonically increasing in t.
From equation (31) it is clear that
is a Q true -martingale. Because of
is a Q true -super-martingale, and we obtain using (36)
This proves the first assertion. To show the super-hedge property we use the monotonicity of the difference E and the fact that E (0, S(0)) ≡ 0 to get
Proposition 2 shows that, under appropriate conditions, option pricing and hedging is feasible even if it is based on a misspecified model. As an example we consider the valuation and hedging of a spread option with payout
with weights α 1 , α 2 > 0 and strike K ≥ 0. In the false model (23)- (24) we assume constant volatilities σ i,false > 0 and a constant instantaneous correlation ρ 1,2,false ∈ [−1, 1]. To lighten notation we write σ i = σ i,false and ρ = ρ 1,2,false . In Lemma 3 we compute the price of the spread option and necessary sensitivities. To make the results more readable we define
which is the price of a call option in the Black-Scholes model. Furthermore we define the density of the normal distribution with mean 0 and variance T − t
and denote
Lemma 3 For the price V of the spread option (37) at time t ∈ [0, T ], under the false model,
it holds that
2 )(T −t)+σ 1 x , σ 2 1 − ρ 2 , r, T − t dx.
For the sensitivities we have
Proof We condition on W 1,Q false (T ) and obtain a call option on S 2 (T ) with strike price S 1 (T ) + K. Straightforward calculations yield the assertion.
After these preparations we can apply Proposition 2.
Corollary 1 We assume that for λ 1 ⊗ Q true -almost all (u, ω)
Then the price under the false model is an upper bound for the price under the true model,
Furthermore, the hedge implied by model (23)- (24) is a super-hedge under the true asset dynamics, i.e.
Corollary 1 shows that for spread options the 'false' volatilities must overestimate the 'true' volatilities, and the 'false' instantaneous correlation must underestimate the true instantaneous correlation such that equation (38) holds. We can interpret the product
as the instantaneous covariation of a model.
6 How reliable is the portfolio variance as a measure of portfolio risk under misspecified volatilities and correlation?
Consider a portfolio of n assets
with nonnegative asset weights α 1 , . . . , α n . We assume that S = (S 1 , . . . , S n ) is a stochastic process on a measurable space (Ω , F ), which is equipped with a filtration (F t ) t that is generated by S 1 , . . . , S n . We investigate two models for the real-world dynamics of S, which are represented by two real-world measures P true and P false . For the false dynamics under P false we assume
with constant false drifts µ false i , constant false volatilities σ false i > 0 and constant false instantaneous correlations ρ false i, j . The processes W 1,false , . . . ,W n,false are Wiener processes under P false . For the true dynamics under P true we assume
with bounded, positive true volatilities σ true i , and bounded, deterministic but possibly time-dependent true drifts µ true i . The processes W 1,true , . . . ,W n,true are Wiener processes under P true . We assume that S is a solution to (40)- (41) and (42)- (43) which is unique in distribution (weak uniqueness) both under P false and P true . We use again the notation
Then under P false we overestimate the true portfolio variance, i.e.,
Proof Without loss of generality 11 there exist processes D i for i = 1, . . . , n with P falsedynamics
and initial value D i (0) = S i (0 
As a first step we show that for all i, j
Both under P false and P true we have
For the inequality (47) to hold we need to show that
We interpret (49) such that under a model with a false dynamics the price of an option with payoff h(D i (T )) = D i (T ) 2 overestimates the true price. In Section 5 we have derived conditions for (49) to hold. To complete the setting used in Proposition 2 we define a risk free interest rate r = 0, so that we have for the price function
For the derivative we obtain for all
Therefore the condition on volatilities in (44) yields the inequality for the variances (47). The same argument holds for the covariances in equation (48): We define for
Because of
for all (t, x i , x j ) the conditions in (44) show that
This yields equation (48). Furthermore equation (50) yields
which yields the assertion.
Proposition 3 shows that even if we use a misspecified model risk management is possible, i.e., we can avoid underestimating the true portfolio variance, if the misspecified model overestimates the true drifts, volatitilies, and instantaneous correlations.
7 Empirical observations on asset correlation and volatility behaviour.
Contagion of financial markets
We re-consider the results from Section 4.2 in a different representation and interpret them from two perspectives: From a finance perspective we obtain stylized facts about the behaviour of asset correlations and volatilities that are relevant for applications in portfolio optimization and risk management. The representation we propose in this Section also turns out useful to assess consequences on the efficiency of diversification, see Section 8. From a financial economics perspective the results yield strong evidence for the existence of financial contagion. Furthermore we are able to quantify the extent of such contagion. First we remember the result of Lemma 1. That is, for ∆t = 1 day the instantaneous correlation, which is a theoretical quantity introduced to apply the tools of stochastic analysis, is a good approximation for the correlation between daily logreturns of assets S 1 , S 2 , i.e., for all t ≥ 0 we have
In Figure 11 we consider again the estimation result for the pair Deutsche BankCommerzbank from Figure 9 , but with some modifications. Firstly, we transform the market state F(S t ) into quantiles of the empirical distribution of F (S t 
From a finance perspective (51) is a measure for deviations from the average of the linear dependency between asset return shocks, (52) is an analogue measure for asset volatilities. We find that correlations are above average for about the worst third of market state realisations, whereas volatilities are above average only for about the worst fifth of market state realisations. Furthermore we estimate our model for the DAX index and the S&P 500 and plot the results in Figure 12 . To eliminate the additional exchange rate risk we convert the S&P500 into EUR. The vertical dotted line indicates the market state on 23.09.2009. We find that in bear markets both quantities (51) and (52) are smaller than for the pair Deutsche Bank-Commerzbank, but the increase in both volatilities and correlation is still very large. We find the optimal market memory to be 92 business days, which is larger than for most equity pairs that we consider. Therefore volatilities and correlation move in a more stable way than for most equity pairs that we have considered. Furthermore both volatilities and correlations are increased only in the worst fifth of realised market states. Therefore international diversification seems to be beneficial. In Section 8 we show how the representation of estimation results in Figures 11 and 12 can be used to determine potential diversification losses.
From a financial economics perspective the quantity (51) (resp. (52)) is a measure for deviations from the average of the linear transmission of shocks (resp. is a measure for volatility spill-overs) between the financial markets of two countries. Both quantities relate to popular definitions of financial contagion. Quantity (51) is related to the definition that contagion occurs when cross-country correlations increase during crisis times relative to correlations during tranquil times, see for instance World Bank Group [2009] . Quantity (52) is related to the definition that contagion occurs when volatility spills over from a crisis country to the financial markets of other countries, see for instance Pericoli and Sbracia [2003] . The results in Figure 12 indicate under what market situation contagion effects between Germany and the U.S. do occur. Furthermore the difference between market-state dependent and constant asset correlations resp. volatilities provides a means to assess how strong contagion effects are. 
Conjecture: How to quantify diversification losses
Let us consider a portfolio of assets S 1 , . . . , S n with asset weights a 1 , . . . , a n ≥ 0. How can we quantify potential diversification losses at a given time T > 0? For the true but unknown asset dynamics we assume (42)-(43) under a measure P true . As a risk scenario we assume that the state of the market F(S t ) never falls below a given threshold f ∈ R, i.e., F(S t ) ≥ f , t ∈ [0, T ].
The threshold f could be a for example the 1%-quantile of the empirical distribution of the market state. Based on an empirical estimate θ we define
If f corresponds to a strong bear market it typically holds that σ worse i = σ i θ , f ρ worse = ρ θ , f . 
The ratio
is the factor by which the variance of our diversified portfolio might blow up in case of our worst case scenario. In this sense (53) is a measure for potential diversification losses. However, we do not know the variance under measure P true . If we assume that the asset dynamics which we estimate at time t = 0 is a good approximation for the true dynamics, then Var P For the transition density we use an approximation that is motivated by the Euler-scheme. To check the reliability of our estimator we generate a time series of model (1) -(4) with specification given in Table  3 with Monte Carlo. Then we apply (20) to re-estimate volatilities and instantaneous correlation. Both for generating the time series and for estimating the model we use market state F from (12) with n F = 30 days. We generate a time series of daily asset realisations with ∆t = Figure 13a shows that estimator (20) yields a reliable estimate of the model specification from Table 3 . Figure 13b shows that estimator (21) is able to identify the market memory.
corresponds roughly to the length of the for our investigations most important period 1990 − 2008. In the Monte Carlo simulation we we use 10000 simulation steps per day. The results of re-estimating volatilities and correlation are in Figure 13a . Since the model in Table 3 is highly nonlinear we use 14 discretisation points for the instantaneous correlation and eight points for each volatility. We find that the results look very encouraging although the error in the estimated drift µ 2 is large. But we do not need µ 1 , µ 2 in our investigations. We also re-estimate the model in Table 3 for n F ∈ {2, 3, . . . , 50} and plot the estimated maxima of the likelihood function, see Figure 13b . The result justifies our estimation approach. 
B Results of maximum likelihood estimations
